ABSTRACT
INTRODUCTION
The constraint manifold of a dyad represents the geometric constraint imposed on the motion of the moving body or workpiece. This geometric constraint on the moving body is a result of the geometric and kinematic structure of the dyad; e.g. its length and the location of its fixed and moving axes(i.e. lines). The constraint manifold is an analytical representation of the workspace of the dyad that is parameterized by the dyad's dimensional synthesis variables. Here we derive the constraint manifold of spatial CC dyads in the image space of spatial displacements and utilize this constraint manifold to perform dyadic dimensional synthesis for approximate rigid body guidance. Similarly, we derive the constraint manifolds of spherical RR and planar RR dyads in their respected image spaces and utilize their constraint manifolds to perform dyadic dimensional synthesis for approximate motion synthesis.
The derivation of the constraint manifold in the image space involves writing the kinematic constraint equations of the dyad using the components of a dual quaternion. We view these equations as constraint manifolds in the image space of spatial displacements, see [1] , [2] , and [3] . The result is an analytical representation of the workspace of the dyad that is parameterized by its joint variables. The synthesis goal is to vary the design variables such that all of the prescribed locations are either: (1) in the workspace, or, (2) the workspace comes as close as possible to all of the desired locations. Recall that in general five is the largest number of locations for which an exact solution is possible for the dyads being discussed here, see [4] . Previous works discussing constraint manifold fitting for an arbitrary number of locations include [5] , [6] , [7] , and [2] . All of these works employ implicit representations of the dyad constraint manifolds. The constraint manifolds, that are known to be highly nonlinear [8] , are then approximated by tangent hyperplanes by using a standard Taylor series linearization strategy. The distance from the approximating tangent plane to the desired location is then used to formulate an objective function to be minimized. These efforts met with limited success since the constraint manifolds are highly nonlinear and the approximating tangent planes yield poor measures of the distance from the constraint manifold to the desired locations, [9] and [2] . For example, when solving for a spherical four-bar mechanism for 10 desired locations [6] utilized 120 starting cases of which 38 converged to the solution. In [9] a methodology to avoid the difficult nonlinear optimization by using computer graphics to visually present the constraint manifold to the designer was reported. The designer manually manipulated the synthesis variables until the parameterized constraint manifold was acceptably near the desired locations. This technique proved to be effective but was tedious to use and results depended heavily upon the designers experience and knowledge. In [10] preliminary work that addressed the synthesis of planar RR dyads via parameterized constraint manifold fitting was reported. Here we build upon that work and utilize parameterized constraint manifolds and employ nonlinear optimization to yield a general numerical dimensional synthesis technique for approximate motion synthesis.
We proceed by reviewing the image space of spatial displacements and deriving the parameterized form of the constraint manifold of the spatial CC dyad. This is followed by the special cases of spherical and planar displacements and the derivations of the spherical RR and planar RR dyads, respectively. We then present the general approximate motion synthesis procedure and two initial numerical examples. Future work will further explore the efficiency and robustness of the proposed methodology.
IMAGE SPACE OF SPATIAL DISPLACEMENTS
First, we review the use of dual quaternions for describing spatial displacements. The general spatial point transformation equation may be written as,
where [A] is a 3 × 3 orthonormal rotation matrix representing the orientation of a moving frame M relative to fixed frame F, and Using the translation vector d, the rotation axis s, and the rotation angle θ, we can represent the spatial displacement by the eight dimensional vector q, see [3] and [8] ,
We refer to q as a dual quaternion. Note that the eight components of q satisfy,
and,
Because the eight components of q satisfy two algebraic constraint equations they form a six dimensional algebraic manifold that we denote as the image space of spatial displacements.
Dual Quaternion Product
Given two dual quaternions g and h their product yields a dual quaternion that represents the spatial displacement obtained by the successive application of the two given displacements. We may write the product of two dual quaternions in the following matrix form,
where,
Alternatively, we may also write the product of two dual quaternions as,
SPATIAL CC CONSTRAINT MANIFOLD Next, we derive the parametric form of the constraint manifold of the spatial CC dyad. The constraint manifold is derived by expressing analytically the geometric structure that the joints of the dyad impose on the moving body, see [2] , [3] , [7] , and [4] . Using the image space representation of spatial displacements and the geometric constraint equations of the dyad we arrive at a constraint equation in the image space that is parameterized by the dimensional synthesis variables of the dyad.
A spatial 4C mechanism is shown in Fig. (1) . A spatial 4C mechanism may be viewed as a combination of two CC dyads. For the moment let us concern ourselves with only one of the dyads which we shall refer to as the driving dyad. The driving CC dyad has four independent joint variables, θ, d 1 , φ and c 1 and a link length of (α, a). The dimensional synthesis variables of this dyad are f, m, and (α, a) where f and m are the dual quaternions representing the displacements from the fixed frame to the fixed link frame and from the coupler link frame to the moving frame respectively. We obtain the structure equation in the image space of spatial displacements by using dual quaternions to represent the displacement D from F to M,
where x(·, ·), y(·, ·), and z(·, ·) are dual quaternion representations of spatial displacements either along or about the X, Y , or Z axes respectively. To take full advantage of the image space representation we now rewrite D as, 
where
T is the vector of dimensional synthesis variables. In Eqn. (7) we have a hypersurface in the image space of spatial displacements that is parameterized by the design variables of the dyad. This surface is the constraint manifold of the spatial CC dyad parameterized by its four joint variables θ, d 1 , φ, and c 1 . Moreover, it is important to note the arrangement of the design variables in Eqn. (7). All of the joint variables of the dyad have been isolated into the far right hand-side of Eqn. (7). This arrangement of the design variables will be exploited later by the approximate motion synthesis technique. We now proceed to examine the two special cases of spatial motion; spherical and planar displacements.
IMAGE SPACE OF SPHERICAL DISPLACEMENTS
First, we review the use of quaternions for describing spherical rigid-body displacements. A general spherical displacement may be described by an axis of rotation s = [s x s y s z ] T and a ro-tation angle θ about said axis. Using s and θ we can represent a spherical displacement by the four nonzero components of a dual quaternion q,
We refer to q as a quaternion. Note that the four components of q satisfy q 2 1 + q 2 2 + q 2 3 + q 2 4 − 1 = 0 and therefore they form a three dimensional algebraic manifold that we denote as the image space of spherical displacements.
Quaternion Product
Given two quaternions g and h their product yields a quaternion that represents the composite spherical displacement. We may write the product of two quaternions in the following matrix form,
SPHERICAL RR CONSTRAINT MANIFOLD
In this section we derive the parametric form of the constraint manifold of the spherical RR dyad. We proceed in a similar manner to the spatial CC dyad. The constraint manifold is derived by expressing analytically the geometric structure that the joints of the dyad impose on the moving body. Using the image space representation of spherical displacements and the geometric constraint equations of the dyad we arrive at constraint A spherical 4R mechanism consisting of two RR dyads, one of length α, is shown in Fig. (2) . Note that for legibility the fixed and moving frames are not shown in the figure (the fixed frame, moving frame, and all of the link frames have origins coincident at the center of the sphere). The dimensional synthesis variables of this dyad are f, m, and α where f and m are the quaternions representing the displacements from the fixed frame to the fixed link frame and from the coupler link frame to the moving frame respectively. We obtain the structure equation in the image space of spherical displacements by using quaternions to represent the displacement D from F to M,
where x(·), y(·), and z(·) are quaternion representations of displacements about the X, Y , or Z axes respectively. To take full advantage of the image space representation we now rewrite D as,
where: g = f, h = m, and d = z(θ)x(α)z(φ) is the displacement along the dyad. Finally, using Eqn. (8) we express Eqn. (10) as,
where r = [f T m T α] T is the vector of dimensional synthesis variables. In Eqn. (11) we have a surface in the image space of spherical displacements that is parameterized by the design variables of the dyad. Again, it is important to note the arrangement of the design variables in Eqn. (11) . The two joint angles of the dyad have been isolated into the far right hand-side of the expression.
IMAGE SPACE OF PLANAR DISPLACEMENTS
We now review the use of planar quaternions for describing planar rigid-body displacements. Our approach here is to view planar displacements as a subgroup of SE (3) 
We refer to q as a planar quaternion, see [8] . Note that the four components of q satisfy q 2 3 +q 2 4 −1 = 0 and therefore they form a three dimensional algebraic manifold that we denote as the image space of planar displacements.
Planar Quaternion Product
Given two planar quaternions g and h their product yields a planar quaternion that represents the composite planar displacement. We may write the product of two planar quaternions in the following matrix form,
and, 
PLANAR RR CONSTRAINT MANIFOLD
In this section we derive the parametric form of the constraint manifold of the planar RR dyad. Again, we proceed as in the cases of the spatial CC and spherical RR dyads. Using the image space representation of planar displacements and the geometric constraint equations of the dyad we arrive at constraint equations in the image space that are parameterized by the dimensional synthesis variables of the dyad.
A planar RR dyad of length a is shown in Fig. (3) . Let the axis of the fixed joint be specified by the vector u measured in the fixed reference frame F and let the origin of the moving frame be specified by v measured in the link frame A. The dimensional synthesis variables of the dyad are u, v, and a. We obtain the structure equation in the image space of planar displacements by using planar quaternions to represent the displacement D from F to M,
where x(·), y(·), and z(·) are planar quaternion representations of displacements either along or about the X, Y , or Z axes respectively. To take full advantage of the image space representation we now rewrite D as,
where: g = x(u x )y(u y ) is the displacement from F to O, h = x(v x )y(v y ) is the displacement from A to M, and d = z(θ)x(a)z(φ) is the displacement along the dyad from O to A.
Performing the quaternion multiplications yields,
Finally, using Eqn. (13) we express Eqn. (15) as,
where r = [u T v T a] T is the vector of dimensional synthesis variables. In Eqn. (18) we have a surface in the image space of planar displacements that is parameterized by the design variables of the dyad. This surface is the constraint manifold of the planar RR dyad. Specifically, for a given fixed pivot u, a given moving pivot v, and a crank length a, Eqn. (18) yields the constraint manifold of the dyad parameterized by its two joint angles θ and φ. Again, note that the two joint angles of the dyad have been isolated into the far right hand-side of Eqn. (18) .
APPROXIMATE MOTION SYNTHESIS
In this section we begin by discussing the metric used to measure the distance between the desired image points and the dyad's constraint manifold. This is followed by a numerical synthesis procedure for designing dyads for approximate motion synthesis. It is important to note that the synthesis technique that follows is a general formulation applicable to spatial, spherical, and planar motion synthesis. Hence, the discussion refers to image points in the general sense as they may be spatial, spherical, or planar displacement image points. In order to represent the joint variables in a similarly general manner we utilize the dual angle notation:θ = (θ, d 1 ) andφ = (φ, c 1 ), see Bottema and Roth (1979) . Note that in the cases of spherical and planar syntheses d 1 = c 1 = 0.
The Metric
The metric used here to measure the distance d between an image point D(θ,φ, r) on a dyad's constraint manifold and an image point q associated with a desired location of the workpiece is:
d (D(θ,φ, r) , q) = (D(θ,φ, r) − q) T (D(θ,φ, r) − q) . (19) In order to synthesize dyads that guide the workpiece as near as possible to the desired locations we require an efficient technique for determining the image point D(θ,φ, r) that minimizes d. For a given dyad d min is determined by performing a direct search of a two dimensional fine discretization of the constraint manifold with respect toθ andφ. Note that we exploit the separation of variables in generating the discretization of D(θ,φ, r) in Eqs. (7, 11 , and 18) since G + and H − are constant for a given dyad (i.e. r).
It is important to note that d is a measure of the distance from D(θ,φ, r) to q and that even though this metric is useful for designing dyads it, like all other distance metrics, is variant with respect to choice of coordinate system when used for spatial or planar displacements. For further discussions of displacement metrics see [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , and [21] .
The Optimization Problem
Given a finite set of n desired locations the task is to determine the dyad that guides the workpiece through, or as near as possible, to these locations. Our approach is to utilize the metric discussed above to determine the distance from the constraint manifold to each of the n desired locations, sum these distances, and then to employ nonlinear optimization techniques to vary the dimensional synthesis parameters such that the total distance is minimized. The optimization problem then becomes: MINIMIZE:
where:
We utilize the non-linear optimization package ADS by [22] with the variable metric method for unconstrained minimization by [23] and [24] .
The Strategy
The nested optimization strategy is as follows:
1. A candidate design (i.e. r) is selected.
2. A two dimensional fine discretization of the constraint manifold with respect toθ andφ is generated. For each desired location the values of the independent joint variables (e.g.θ andφ) are optimized by utilizing the distance metric. The minimum distance to a desired location is d min . Note that an optimized set of joint variables determines the points on the chain's constraint manifold that are nearest each of the desired locations. This is the inner optimization. 3. The sum of the distances to each of the n desired locations is determined; ∑ d min . If the distance sum is acceptable then the design is complete. Otherwise, the distance sum and the design vector r are sent to the outer optimization to determine a better candidate design and the above steps are repeated.
CASE STUDY: PLANAR OPEN CHAIN
We now present an example of the design of a planar RR dyad for the ten desired locations that were used by Ravani (1) and the distance sum is 3.62E −3. Note that the distance for the synthesis technique presented here is more than 5 times smaller than that for the dyad determined by the constraint manifold linearization technique of Ravani and Roth. Moreover, our implementation of the methodology of Ravani and Roth required more than 50 random initial guesses of the solution to have one converge to the optimal dyad they reported while the technique presented here required only one random initialization to converge to the reported solution.
CASE STUDY: PLANAR CLOSED CHAIN
A planar 4R closed chain is now created by combining, in parallel, two RR dyads as shown in Fig. (4) . The dimensional synthesis variables of the closed chain are u, v, a, g, h, b, γ, and η.
We obtain the constraint manifold of the 4R closed chain from the constraint manifold of the RR open chain by utilizing the structure equation of the closed chain to obtain φ(θ):
where r = [u T v T a g h b γ η] T is the vector of dimensional synthesis variables and 
In Eqn. (20) we have a curve in the image space of planar displacements that is parameterized by the joint angle θ and this angle has been isolated into the far right hand-side of the expression. Given a finite set of n desired locations the task is to determine the closed chain that guides the workpiece through, or as near as possible, to these locations. Our approach is to utilize the metric discussed above to determine the distance from the constraint manifold to each of the n desired locations, sum these distances, and then to employ nonlinear optimization techniques to vary the dimensional synthesis parameters such that the total distance is minimized. This is the same as the methodology em- 2), the distance sum is 1.532E−1, and the coupler curve of the linkage is shown in Fig. (5) . For comparison, the optimal closed chain reported by Ravani and Roth has a distance sum of 7.295E −1.
CONCLUSIONS
In this paper we have presented a novel dyad dimensional synthesis technique for approximate motion synthesis for a finite number of desired locations of a workpiece. The methodology utilizes an analytic representation of the dyad's constraint manifold that is parameterized by its joint angles. Nonlinear optimization techniques are then employed to minimize the distance from the dyad's constraint manifold to a finite number of desired locations of the workpiece. Algorithms for the synthesis of both open and closed chains are presented. The result is an approximate motion dimensional synthesis technique that is applicable to the design of planar, spherical and spatial dyads. It is important to note that the technique presented utilizes a direct search of the discretization of the constraint manifold and thereby avoids the difficulty of previous techniques that required linearization of the constraint manifold. Moreover, these dyads are the building blocks of platforms, parallel mechanisms, robots, and linkages and therefore the techniques presented here are directly applicable to their design. Two preliminary planar case studies that serve to illustrate the methodology were presented. Efforts are underway to implement the methodology for the synthesis of spherical and spatial dyads. Continuing work will advance the methodology by incorporating additional design constraints such as order, circuit, mobility, etc. Moreover, we will soon utilize approximate bi-invariant metrics for spatial and planar displacements in the algorithms. Finally, efforts are underway to study the efficiency and robustness of the proposed methodology as it compares to other approximate motion synthesis techniques .
